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Introduction
Output-only modal analysis uses displacements, accelerations, or velocities to determine modal information. Output-only modal analysis is useful when inputs cannot be recreated or are unknown. Other benefits include the avoidance of frequency response functions (FRFs) and FRF matrices and related testing procedures [1] which reduces test time and amount of data needed. Output-only modal analysis can be done in time domain or frequency domain. Some examples of time domain methods include * Address all correspondence to this author. the eigensystem realization algorithm [2] , Ibrahim time domain method [3] , independent component analysis [4, 5] and the polyreference method [6] . Examples of frequency domain methods are orthogonal polynomial methods [7, 8] , complex mode indicator function [9] , and frequency domain decomposition [10] . The methods that will be explored in this work are in the time domain and are extensions of proper orthogonal decomposition (POD). These include mass-weighted proper decomposition, smooth orthogonal decomposition, and state variable modal decomposition. The outputs used are displacements, velocities, and accelerations.
In POD a structure is sensed with M sensors, whose signals are processed as needed to generate displacement time signals. An M × N ensemble matrix X is created such that each row corresponds to a sensor and each column is a time step. That is, X = [x 1 x 2 ··· x M ] T , where
, and N is the number of time samples. This ensemble matrix is used in both POD and the other decomposition methods.
In POD, the "correlation matrix" R is formed using the ensemble matrix, such that R = XX T N . Then the eigenvalue problem (EVP) Rψ ψ ψ = λψ ψ ψ is solved. If the mass is uniform, and the system is lightly damped, POD produces estimates of the mode shapes from free vibration responses [11] [12] [13] and random responses [11] . The former case has been verified in experiments [14] [15] [16] .
The decomposition methods which are generalizations of POD reported here are reduced-order mass-weighted POD (RMPOD), state-variable modal decomposition (SVMD), and smooth orthogonal decomposition (SOD). These methods are applied to a nonuniform beam experiment. RMPOD has been applied successfully in simulations [8] . SVMD has been verified for a uniform beam [17] . SOD has been applied in simulations [18] so an experimental applications are of interest.
In the next two sections, the beam experiment is described, and an approximate analytical description of the modes is outlined. Then RMPOD, SOD, and SVMD are applied to the data from an experimental beam. In each section, the application of the method is introduced, and the results from the beam experiment are presented.
EXPERIMENTAL SETUP
A thin nonuniform lightly damped cantilevered beam, a Buck Bros. tapered saw blade, shown in Table 1 . The beam material was unknown. The density was measured, and Young's modulus was assumed to be that of stainless steel.
The accelerometers were placed at one inch intervals starting one inch from the clamped end and progressing to the free end. Each accelerometer was attached to the beam using wax. The resulting signals from the accelerometers were connected through a PCB Model 481 signal conditioner which also amplified the signal with a gain of 10. After the signals were passed through the signal conditioner they were sent to the TEAC GX-1 data recorder. The signals were sampled at a rate of 5000 Hz and sent through a low-pass filter with a cutoff frequency of 2000 Hz. This satisfied the Nyquist criterion and prevented aliasing. A fast Fourier transform (FFT) of any of the acceleration signals during free vibration revealed the following natural frequencies: 8.45 Hz, 40.28 Hz, 107.4 Hz, 205.1 Hz, 498 Hz, and 677 (Table 2 ).
In the free-vibration experiments the beam was struck two inches from the clamped end with an impact hammer. The resulting accelerations were recorded and imported into MathWorks' MATLAB. In MATLAB further signal processing was performed. Since the accelerometers had phase distortions near 8 Hz, a high-pass filter was used with a cutoff frequency of 20 Hz. This attenuated the first mode and consequently removed the first mode from the results of the decomposition methods. Within MATLAB the mean of each signal was subtracted out and linear trends were removed using the detrend command. The signal was passed through a second-order high-pass filter twice: once forward and the second time backwards, which corrected the resulting phase shift caused by the filter. The signal was then integrated using the MATLAB function, cumtrapz, which approximates the integral using the trapezoid rule. One iteration of this process yielded velocities. The mean subtraction, detrending, filtering, and integration processes were repeated again to produce displacements. Accelerations, velocities, and displacements were used to create ensemble matrices for RMPOD, SOD, and SVMD. The modal assurance criterion (MAC) [19] was used to evaluate the quality of the extracted mode shapes as referenced to the discretized analytical mode shapes of the nonuniform beam model, which is discussed in the next section.
The impact tests were conducted with a variety of impulses to gain insight into their effects on modal identification. The beam was struck with an impact hammer at sensor location of 2 in (0.05 m), 6 in (0.15 m), and 11 in (0.28 m) from the clamped end. Two impulse magnitudes were used, the first, a small amplitude impulse such that all resulting free vibration accelerations were less than 10g's. The second, a large amplitude impulse where the free vibration accelerations were greater than 20g's and less than 50g's. Finally, the signal of resulted free vibrations were divided into four equal time bins. The results presented in this paper used the following parameters: a small amplitude impulse two inches from the clamped end and the second time bin, t ∈ [1.3406, 1.4594] seconds.
ANALYTICAL APPROXIMATION
In order to evaluate the experimental results an analytical approximation to the nonuniform Euler-Bernoulli equation was formulated. The general equation describing a clamped-free beam with variable cross-section is
with boundary conditions
where y(x,t) is the transverse displacement at location x of the beam, m(x) is the mass per unit length, E is Young's modulus, and I is the cross-sectional area moment of interia.
We discretized this equation by approximating y(
, where u i (x) are assumed modes and q i (t) are the assumed modal coordinates. Inserting into Eqn.
(1), multiplying by u j (x), and integrating (the second term by parts twice) yields
where the elements m i j of M and k i j of K are
The spatial discretization of y(x,t) can be expressed as y ∼ = Uq, where U is a modal matrix made of column vectors that are spatial descretizations of the u i (x). As such, the ele-
. We can assume that there exists a discretized system of equations
that faithfully discretizes the original system Eqn. (1), such that the system matrices are related by M = U T MU and K = U T KU.
Assuming synchronous motion, such that q(t) = pr(t), Eqn. (2) leads to the eignevalue problem (EVP)
Material Property Value
Young Solving this EVP leads to estimates λ i ∼ = ω 2 i of the modal frequencies of the beam model, and a modal matrix P for the system of equations (2) . Applying the transformation q = Pr diagonalizes Eqn. (2) . As such, composing q = Pr and y = Uq, we find that y ∼ = UPr transforms system Eqn. (3) in original coordinates, to the diagonal system in r. Then the discretized mode shapes are approximated by the columns of the composite modal matrix UP.
In application, a matrix U is created such that
where u i 's are the discretized assumed modal functions. We obtain these from the true modal functions of the damped-free uniform Euler-Bernoulli equation. We then build the associated mass and stiffness matrices M and K using Eqn. (2.5). Matrix P is created such that P = [p 1 p 2 ··· p M ] where p i 's are from the resulting eigensystem in Eqn. (4) . Then, the LNMs for the nonuniform beam are approximated as columns of UP. These modes will be compared to experimentally estimated modes in the following section.
When this model was applied to the experimental saw blade, the estimated modal frequencies were 9.02 Hz, 43.51 Hz, 112.00 Hz, 214.46 Hz, 350.50 Hz, 520.93 Hz, and 725.83 Hz, as listed in Table 2 .
SOURCES OF ERROR
Sources of error for the frequency estimation are discussed here. The ratios between analytical and experimental frequencies, shown in Table 2 , are uniformly between 1.04 and 1.08. This could be caused by an error in the effective parameter group, for example due to errors in E and h, which would systematically scale the estimated frequencies. The error due to measured dimensions and density are likely to be small. Discretized models sometimes are slightly stiffened by the "constraint" associated with discretization. 
REDUCED-ORDER MASS-WEIGHTED PROPER ORTHOGONAL DECOMPOSITION
It was noted above that POD produces estimates of mode shapes when the mass distribution is uniform. When the mass distribution is nonuniform and known, the weighted EVP RMψ ψ ψ = λψ ψ ψ produces estimates of the normal modes.
Mass-weighted POD is straight forward when the mass matrix is of the same dimension as the correlation matrix. The challenge addressed by RMPOD is when the mass distribution is not dimensionally compatible with the correlation matrix R. A common reason for the mass matrix to be larger than R is that the number of available sensors, M, may be limited. For example the mass matrix produced by a finite-element program is easily greater than 100 × 100. Thus by mathematical necessity in order to create a correlation matrix whose dimensions match the mass matrix the experimenter needs at least 100 sensors. Likewise, a continuous structure will always have more degrees of freedom than sensors. RMPOD uses a reduced-order mass matrix M r of dimension M × M, such that the matrix multiplication RM r is possible. Then the following problem is solved: RM r ψ ψ ψ = λψ ψ ψ. The eigenvectors ψ ψ ψ correspond to LNMs and the eigenvalues are mass-weighted mean squared values of the modal coordinates [20] .
When the dimension of M is larger than that of R, an interpolation scheme can be used to reduce the effective order of the system to that of the number of sensors used in building R [20] . For the case of a one-dimensional distributed parameter system, using linear interpolation represented by interpolation functions η i (x) leads to a reduced mass matrix M r whose elements are
We used η i (x) and η j (x) as tent-shaped interpolation functions of the form In this work, we inserted an expression representing the mass distribution m(x), as defined by the taper in the saw blade, into Eqn. (5) to obtain the M r matrix for weighting the RMPOD process.
As such, RMPOD was applied. A permutation of input parameters and ensembles was used in the RMPOD decomposition to gain some experience regarding their effects on the modal decomposition results. Results were evaluated using the modal assurance criterion (MAC) [19] values with discretized analytical approximation mode shapes as the reference. In this case, the RMPOD based on acceleration ensembles, with small impulses located 2 inches (0.0508 m) from the clamped end gave the best overall performance, although only marginally better than other permutations of the testing input parameters. Figures 2, 3, and 4 show the plots of the extracted modes, modal coordinate accelerations of the extracted modes, and the magnitudes of the FFTs of the modal coordinate accelerations for the second, third, and fourth mode respectively.
We used the modal coordinates to further evaluate the decompositions. The modal coordinates are defined through the transformation X = Ψ Ψ ΨQ, where the jth column of the modal matrix Ψ Ψ Ψ is ψ, from the EVP and Q is an ensemble of modal coordinate time histories. Each row is a sampled time history corresponding to the associated column in Ψ Ψ Ψ. Then the modal coordinate accelerations are given by Q a = Ψ Ψ Ψ −1 A (here A is the acceleration ensemble). The magnitude of the FFT of the modal coordinate accelerations for the second mode showed a single peak at 39.14 Hz. The third modal coordinate acceleration had a maximum peak at 107.6 Hz and smaller peak at 39.14 Hz. This shows some pollution [21] from the second mode into the third modal. A similar phenomenon occurs for the fourth modal coordinate acceleration, which had a maximum peak at 205.5 Hz, fol-lowed by 39.14 Hz, and finally, 107.6 Hz. Despite this modal pollution, the extracted mode shapes were strong approximations to linear normal modes, which is evident by MAC values close to unity for these mode shapes. Those values are 0.986, 0.852, and 0.912 for the second, third, and fourth mode, respectively. The extracted modes shapes are shown in comparison to the discretized analytically approximated mode shapes in Figs. 2, 3 , and 4. Figure 5 was included as an example of a poor extraction. 
SMOOTH ORTHOGONAL DECOMPOSITION
In the case of SOD two correlation matrices are created. One is the displacement correlation matrix R, such that 
where V is an ensemble of velocity measurements. R and S must be of the same dimensions. Next, R and S are used in the generalized eigenvalue problem described by λRφ φ φ = Sφ φ φ. The natural modal frequencies are estimated as ω i = √ λ i , i = 1, ··· M, and LMNs are approximated by columns of Ψ Ψ Ψ = Φ Φ Φ −T , where Φ Φ Φ is a matrix containing the eigenvectors of the generalized eigenvalue problem. Derivations of the above ideas can be found in [17, 18] . SOD has been shown to extract approximations to LNMs and natural frequencies from simulated discrete and continuous systems [18] .
Chelidze et al. did extensive simulations comparing [18] . Our work contributes to the field by first using experimental data, and second by using a nonuniform beam.
The results of applying SOD to the free vibrations of the nonuniform beam of this study are included next. The natural frequencies estimated by SOD were 43.72 Hz, 107.77 Hz, and 203.53 Hz. The extracted mode shapes had MAC values of 0.999, 0.820, and 0.937. From these it is suggested that the SOD can extract the lower modes of a lightly damped nonuniform beam. Figures 6, 7 , and 8 show the SOD extracted modes for the 2nd, 3rd, and 4th modes respectively. These modes are plotted with the analytical approximations of a nonuniform Euler-Bernoulli beam. This research shows that SOD can be used to extract modal information from a lightly damped freely vibrating nonuniform cantilevered 
STATE VARIABLE MODAL DECOMPOSITION
In SVMD [22] the outputs of the freely vibrating, lightly damped beam were used to estimate the mode shapes, natural frequencies, and in some cases modal damping of the beam. When applying SVMD one must first create a state-variable ensemble matrix, Y = [V T X T ] T , where V is the velocity ensemble matrix and Xis the displacement ensemble matrix [22] . As such Y = [y(t 1 ) y(t 2 ) ··· y(t N )], where Once the two correlation matrices are computed then an eigenvalue problem is cast as λRφ φ φ = Nφ φ φ. This problem can be solved for 2M eigenvalues λ and eigenvectors φ φ φ. If this eigensystem is solved in MATLAB using the eig command, it produces two matrices Λ Λ Λ and Φ Φ Φ in matrix form satisfying, RΦ Φ ΦΛ Λ Λ = SΦ Φ Φ. The eigenvalue matrix Λ Λ Λ is diagonal and contains information about the natural frequencies and, in theory, modal damping. The real part of eigenvalue λ i indicates the exponential decay rate of the mode, while the imaginary part represents the damped modal frequency.
The eigenvector matrix Φ Φ Φ contains modal information but the inverse transpose of this matrix must be taken to extract the mode shapes [22] . So the matrix of eigenvectors is Ψ Ψ Ψ = Φ Φ Φ −T and each 2M × 1 column of Ψ Ψ Ψ contains information about the mode shapes of the beam; the bottom M × 1 rows will contain the mode shapes from the displacements and approximate LNMs. These mode shapes may be complex. If damping is approximately Caughey [23] Using SVMD on the experimental beam, approximations to LNMs were extracted as as shown in Figs 9, 10, and 11 below. The extracted damped modal frequencies from the imaginary parts of the eigenvalues were 40.08 Hz, 106.42 Hz, and 205.08 Hz for the second, third, and forth mode, respectively. The MAC values for these modes when compared to the analytical approximation were 0.9921, 0.9729, and 0.9865 for the second, third, and fourth mode respectively.
DAMPING RATIO ESTIMATION
In the limit of modal (Caughey) damping, the eigenvalues associated with the underdamped modes are expected to be complex in the form λ i = −ζ i ω i ± ω di . Where ζ i is the damping ratio, ω i is the circular frequency, and ω di =
i is the damped circular frequency. Noting that Table 3 : SVMD extracted damping ratios and damping ratios computed from the log decrement of the SVMD modal coordinates, using all peaks in the modal coordinates
where the overbar indicates a complex conjugate, then
The modal damping ratios extracted by SVMD are in Table 3 for the second through six modes. The second column shows the SVMD extracted damping ratio and the third column shows the damping ratio computed from the SVMD modal coordinates using logarithmic decrement on all the local maxima of the modal coordinate. The second mode shows great agreement between the SVMD extracted damping and the logarithmic decrement. The agreement between the two values deteriorate after the second mode. A similar trend was mentioned in [17] , and based on insight gained from this paper attempts were made to extract better damping estimates.
IMPROVING DAMPING ESTIMATE SIGNAL SEGMENTS
In some situations, when damped structures undergo free vibrations higher frequency modes decay faster than lower frequency modes. If a time segment of the free vibration signal was chosen based on the settling time, T s , of the highest frequency of interest, for example the fourth mode, it maybe possible to improve the extraction of modal damping using SVMD. The damping estimates in Table 3 used the time segment t ∈ [1.1142 2.2000] seconds and all the included peaks in modal coordinates were used to compute Figure 12 shows the modal coordinate in this time window. The settling time computed using T s = 4/ζω where ζ and ω and are taken from the initial SVMD estimates. In this calculation ζ 4 = 0.01 and ω 4 = 1275.66 rad/s which results in T s4 = 0.2929 seconds. Using this as a guide for capturing enough cycles of the lower modes for SVMD a time range of t ∈ [1.1142 1.5330] seconds was used.
Upon close inspection of the modal coordinates it was noticed that the first few peaks showed some transient distortions, which may be a result of the filtering. As such the first couple of peaks are excluded in future logarithmic decrement calculations. In the long time window, t ∈ [1.1142 2.2000] seconds, peaks 3 and 40 were used in computing the logarithmic decrement of the second mode, peaks 3 and 40, and 3 and 60 were used for the third and fourth modes respectively. The reason for the difference is that the second mode has a lower frequency and therefore fewer cycles this can be seen in Fig. 12 and the resulting logarithmic decrement calculations can be seen in Table 4 The shorter time segment showed improved damping ratio extraction. Next, proportional modal damping in addition 
PROPORTIONAL DAMPING
If the damping is assumed to be proportional then the damping matrix is C C C = αM M M + βK K K. Then the modal damping coefficients are 2ζ i ω i = α + βΛ Λ Λ. Three cases were examined: β = 0, α = 0 and least squares solution of α and β using SVMD extracted data from Table 3 . The resulting modal damping extractions are shown in Table 4 
CONCLUSION
We applied three output-only modal analysis decomposition methods to a nonuniform beam. The fast Fourier transform was applied to the beam's accelerations to identity the modal frequencies. The first mode was filtered out since it was below the range of reliable accelerometer performance. The beam was modeled as a nonuniform Euler-Bernoulli beam. An analytical approximation of the beam was created and its mode shapes were determined and used to predict the natural frequencies of experimental beam and showed agreement with the FFT frequencies.
The reduced-order mass-weighted POD was applied using a permutation of conditions involving impulse location, impulse amplitudes, and ensembles created from displacement, velocity and acceleration signals. RMPOD extracted approximations to the second, third, and fourth LNMs suggested by MAC values of 0.986, 0.852, and 0.912 between extracted, modes and analytical modes of the second, third, and fourth modes, respectively. Further confirmation on the quality of the modes was provided from computing the modal coordinates and taking their FFTs. The peak frequency for the lowest extracted mode was dominant. For increasingly higher modal coordinates, frequencies of other modes leaked in. Apparently, the pollution of these modes did not greatly affect the approximation to the LNMs.
SOD and SVMD were also used on the same data to extract the modal frequencies and approximations to the LNMs. The SOD extracted frequencies agreed with the FFT of the experimental beam. SOD extracted mode shapes agreed with the analytical approximation. Similar agreement Table 7 : SVMD modal damping short time least square proportional estimates was found when SVMD was applied.
SVMD was able to extract the modal damping ratio directly without the use of modal coordinates. SVMD extraction of the lower modes' modal damping was better with longer time signals. This could be a result of the higher modes decay faster and as time increases the signal is dominated by the lower modes. Likewise with short signal segment near the time of impact SVMD's ability to extract high modes improved. With similar reasoning at the shorter signal near the impact are not as dominated by the lower frequencies modes Assuming proportional damping should best performance with taking using α and β determined from the least squares solution.
These tests suggest that RMPOD, SOD, and SVMD can be reliable methods of modal identification, at least for the lower modes of a structure and are easy to implement. The only signal processing needed is in integrating the accelerometer signals into the desired states (displacement, velocity, or acceleration), and high pass filtering used to prevent integrator drift. The relative performance of these three methods cannot determined from the results presented in this paper. Several impulses was used to excited the beam at a variety of locations and only one permutation of those inputs are reported. The data set reported in this paper optimized the results of RMPOD only.When these excitation parameters are applied to other data sets, the methods seem to be equally reliable and in the absence of an analytical approximation, the methods could be used in concert to cross check results. Table 8 summarizes some of the benefits and drawbacks of each method. However, the drawbacks of each decomposition method are not serious. 
